We describe an analytical method to calculate the strain field and the corresponding band gap modulation induced in a quantum well by a surface stressor of arbitrary shape. In this way, it is possible to engineer the confinement potential of different strained nanostructures based on patterned heterojunctions. Band gap modulations up to 130-140 meV are predicted for suitably designed II-VI/III-V and III-V/III-V heterostructures.
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I. INTRODUCTION
Low-dimensional structures have attracted interest for their optical and transport properties and for their applications to electrical and optoelectronic devices. The fabrication technology plays a crucial role in the determination of the desired quantization phenomena. So far, several ways of producing laterally confined structures in semiconductors have been proposed. 1 Most of them rely on material processing which induces sample damage, or on the difficult control of the self-organized growth. 2 An alternative technique for lateral quantum confinement is based on band gap modulation induced by strain gradients across a quantum well. 3 The idea is to design and realize a proper pattern of free-standing stressors to generate a strain field whose intensity and modulation are such that lateral confinement is obtained in a quantum well a few nanometers below the surface. To engineer such a strain field, the shape, distribution, and dimension of the stressors must be determined according to the prediction of the elasticity theory. This optimization procedure is usually pursued numerically by using finiteelement techniques 4 which are quite accurate but require reiterated computations for any change of the structural parameters. The exact analytical solution of this elasticity problem is known only for very few and simple stressor shapes. 5 In general, approximations are introduced by simplifying the boundary conditions or by using a series expansion method.
In this article, we show that accurate analytic solutions can be found when the amplitude of the relevant Fourier components of the surface profiles ͑the stressor patterns͒ are much smaller than the corresponding wavelengths. A method is presented which allows the solution of the elasticity problem for any surface profile, thus becoming extremely powerful and flexible for the design of new strain induced nanostructures.
II. MODEL
The pattern of stressors is treated as a thin film having a nonplanar surface, ⌺, whose profile is described by the equation
where f is periodic function such that Ϫ1Ͻ f (x,z)Ͻ1 and t is the maximum amplitude of the profile modulation. The film is deposited on a semi-infinite (yϽ0) planar substrate containing a quantum well at a given depth under the filmto-substrate interface. The problem is solved within the linear elasticity theory of an isotropic continuum. If no body forces are present, an isotropic continuum satisfies the equilibrium equations and the compatibility conditions:
where " is the transpose of the gradient vector ", is the Poisson's ratio, and is the stress tensor, respectively. The boundary conditions are given by the requirement that no net force acts upon the free surface, ⌺, that is
where ŷ is the unit vector along the positive y direction. If t is small compared to the period of the function f, along the two directions, it is reasonable to look for a solution of the elasticity equations ͓Eqs. ͑1͒ and ͑2͔͒ having the form of a series expansion: 
For the same reason, the stress fields at the free surface ͓ yϭt f (x,z)͔ can be expanded in series around yϭ0, to obtain
where the derivatives of the stress fields on the right hand side are calculated at yϭ0. By using the series expansion in Eq. ͑5͒, Eq. ͑3͒ becomes
This is a power series which makes it possible to find the boundary conditions on the plane, yϭ0, at any order in t. Hence, by requiring that all the coefficients of the power series are zero a recursive formula is found which provides an explicit form for the boundary condition to be satisfied by the functions (␣) (x,y,z). At the zeroth order, Eq. ͑6͒
which implies that the zeroth order stress is uniform in space, i.e., it is a constant tensor, (0) . Then, at the first order we get
and, finally, for ␣у2:
The advantage of this method is that the boundary conditions now involve the stress on the plane, yϭ0. This makes it possible to search for a basic solution of the elasticity equations ͓Eq. ͑2͔͒ having the form of a normal mode exp͓i(nkxϩmpz)͔ multiplied by a function of y. Then, thanks to the linearity of the boundary conditions ͓Eq. ͑7͔͒, the general solution of the problem is found simply by using a Fourier expansion method.
A basic solution of Eq. ͑2͒ satisfying the requirement that the stress field tends to zero for y tending to Ϫϱ is uniquely given by
where S and T are 3 by 3 matrices whose coefficients are independent of x, y, and z and depend linearly on three free parameters, c 1 , c 2 , and c 3 , to be determined by means of the boundary conditions at the surface, yϭ0. This gives the freedom to write the term (SϩyT) as a linear combination of matrixes, S͓ j ͔(n,m) and T͓ j ͔(n,m) (jϭ͕1,2,3͖), such that ͭ S͓1͔͑n,m͒ŷϭx S͓2͔͑n,m͒ŷϭŷ S͓3͔͑n,m͒ŷϭẑ.
.
͑9͒
With this choice, the forces acting upon the plane, yϭ0, have the simple form:
Comparison between the stress field calculated exactly ͑solid line͒ and approximately ͑dashed line͒ at various distance (Ϫh) from the interface for a rough surface which can be mathematically described by a cycloid with periodic cusps. The relation between width ͑t͒ and periodicity ͑͒ of the cycloid is t/ϭ10%.
as it can be easily verified. The expression of the matrixes S͓ j ͔(n,m) and T͓ j ͔(n,m) are reported in the Appendix. Now, the solution of the elastostatic problem ͓Eq. ͑2͔͒, with boundary conditions given by Eq. ͑7͒, is straightforward. Consider a surface profile f (x,z) which is periodic along x and ẑ directions, the period being 2/k and 2/p respectively, and let N x k and N z p be the maximum wave vectors ͑multiples of the fundamentals k and p͒ in the Fourier expansion of the profile along the two directions.
The recursive formula for the boundary conditions ͓Eq. ͑7͔͒ is such that the maximum wave vectors involved in the Fourier expansion of the right hand side of the equation is proportional to ␣. This gives, for ␣у1,
Thanks to Eqs. ͑9͒ and ͑10͒, the solution of the elasticity problem at the order ␣ is reduced to the calculation of the Fourier coefficients c(n,m,␣). In fact,
ϩyT͓ j͔͑n,m͖͒exp͓i͑nkxϩmpz͒ϩQ nm y͖.
͑12͒
In conclusion, the solution of the original elasticity problem is obtained recursively by calculating the Fourier transforms of the expression on the right hand side of Eq. ͑7͒ and by substituting the obtained coefficients into Eq. ͑12͒.
The calculation of the first-order solution is quite simple for any surface profile. In fact Eq. ͑7b͒ shows that the solution is found simply by calculating the Fourier transform of the surface-profile gradient, " f . Figure 1 shows the stress field calculated with our method and the one calculated exactly by Gao et al. 5 for a surface profile which can be mathematically described by a cycloid. The comparison clearly shows that our calculation is quite accurate even at the first order approximation for a wide range of values of the amplitude to wavelength ratio. Moreover, our model can be used to evaluate the stress field for arbitrary stressor shapes and covers the vast majority of cases which have not been solved exactly so far.
III. RESULTS AND DISCUSSION
The most immediate application of our model is to determine how the electronic band structure in a quantum well, located a few nanometers below the free surface, can be properly tuned to introduce additional degrees of confinement for electrons and holes. In fact a lateral confinement potential is induced by the stressors in regions of the quantum well where compressive hydrostatic stress is released or where tensile hydrostatic stress is produced. Being analytical, the results of the calculation provide a straightforward recipe for the design of quantum wires and quantum dots having the desired electro-optical properties. In this section, our model is applied to the calculation of the hydrostatic stress induced by long rectangular stressors ͑giving rise to quantum wires͒ and square boxes ͑quantum dots͒.
For a periodic array of long stressors having a trapezoidal section, the major and minor bases being given by B and b, the first-order hydrostatic stress is given by hy ϭt hy (1) ϩ..., where t is the maximum thickness of the layer and
where is the Poisson ratio of the substrate, 0 is the misfit stress between the film and the substrate, and kϭ2/T, T being the period of the stressor array. It is immediately seen that, for yϭ0, the first order hydrostatic stress exhibits singularities for xϭϮB/2 and xϭϮb/2, that is at the corners of the stressor. These singularities are an expected consequence of the presence of corners when the problem is solved within the linear elasticity theory. However, they are integrable, i.e., the displacement field is a continuous function, and they do not affect the shape and the magnitude of the stress field underneath the center of the stressor where the effect of strain confinement is studied.
In the case of a regular matrix of rectangular boxes, the first-order expansion of the hydrostatic component of the stress field is given by hy ϭt hy (1) 
where L x and L z are the dimensions of the stressor box. As in the previous case, this function exhibits singularities on the plane, yϭ0. It is easy to see that the stress diverges along the border of the box where, however, the displacement field is continuous. Finally, in the region occupied by the quantum well the stress is minimum just under the center of the stressor. In general, the stress field modulation in the quantum well can be increased by increasing the aspect ratio of the stressor provided that the critical thickness for the generation of misfit dislocations is not exceeded. 6 Our results show that, at the first order, the stress field decreases exponentially as the distance from the stressor increases. At the same time the stress gradient increases as the distance from the stressor decreases. This means that there is a trade off in choosing the most convenient location of the quantum well bearing in mind, also, that the well cannot be too close to the free surface to avoid image-charge effects.
In the following we report the results of the optimization procedure for two prototype low-dimensional structures. As a first example we discuss a heterostructure consisting of a In 0.2 Ga 0.8 As/GaAs quantum well and barrier covered by ZnS 0.2 Se 0.8 stressors. The thickness of the ZnS 0.2 Se 0.8 layer, whose mismatch with respect to GaAs is ϩ1.1%, is chosen in order to get the maximum strain modulation without exceeding the critical thickness for pseudomorphic growth ͑ϳ40 nm͒. After the growth, the ZnS 0.2 Se 0.8 layer is patterned to get 300-nm-wide stripes with 30 nm separation. The maximum band gap modulation is obtained for a 3-nmwide quantum well buried below a GaAs barrier of 5 nm.
Since the strain in the ZnS 0.2 Se 0.8 layer, before patterning, is uniformly tensile, lateral quantum confinement in the quantum well is obtained in the regions just below the voids between the stressors. The quantum well experiences a strain gradient resulting in a nearly parabolic lateral potential well ͑Fig. 2͒. The maximum modulation in conduction band ⌬E cMax is about 130 meV and the width of the lateral confining potential is approximately equal to the distance between stressors.
Another interesting example is shown in Fig. 3 , where a quantum dot ͑QD͒ is obtained with a GaAs/In 0.2 Ga 0.8 As quantum well stressed by In 0.3 Ga 0.7 As square boxes. The thickness of the In 0.3 Ga 0.7 As layer is 3 nm that is less than the critical thickness for pseudomorphic growth. The size of the In 0.3 Ga 0.7 As stressors is 15ϫ15ϫ3 nm 3 . In this case, the strain in the InGaAs layer, before processing, is uniformly compressive with a mismatch of Ϫ2.1% with respect to the GaAs substrate. This means that lateral confinement occurs just under the stressors rather than between them as in the case of tensile stress. In fact, the quantum well hydrostatic expansion due to the stressors has a maximum at the center of the square box, whereas it decreases towards the edges where a slight compression occurs.
This results in a box-shaped well for electrons. The maximum modulation in conduction band ⌬E cMax is now about 140 meV and the width of the well is approximately the same to the size of the stressors. For this structure, the single-particle energies and the associated eigenfunctions are calculated by solving numerically the Schrödinger equation in the envelope function approximation by means of a planewave expansion.
7 Figure 4 shows a plot of the electron charge density corresponding to the first three electronic levels. The center of the stressor is located at xϭ0 and zϭ0. The ground state exhibits a single maximum at the center of the stressor, while the excited states exhibit an increasing number of maxima. It is evident that the electrons are confined laterally in the quantum well ͑QW͒. The energy splitting between the ground state and the first excited level is 40 meV which is larger than the thermal energy at room temperature. 4 . Three-dimensional plot of the 0D electron density corresponding to the ground energy state (nϭ0) and the lowest excited level (nϭ1), which is degenerate in this structure.
IV. CONCLUSIONS
In summary, we have developed a new and simple method to calculate analytically the stress field induced in a quantum well by a stressor of arbitrary shape. The method allows one to engineer the strain distribution and the corresponding band gap modulation. Low-dimensional structures can easily be designed to get nearly parabolic lateral confining potentials with a band gap modulation as high as 130-140 meV and an interband splitting of about 40 meV. Due to its flexibility and simplicity this method is well suited for engineering a vast range of nanostructures, for instance by electron beam lithography, having the desired structural and electro-optical characteristics.
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APPENDIX
The explicit expression of the six matrixes appearing in Eq. ͑12͒ is the following:
